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A b s t r a c t  
T h i s  t h e s i s  p r e s e n t s  a n  a n a l y t i c a l  method, 
which employs a numerical  s o l u t i o n ,  f o r  t h e  estima- 
t i o n  of  t he  p l a s t i c  enc lave  s i z e  a t  t h e  t i p  of a 
c r a c k  emanat ing  from a n  edge o r  a n  i n t e r n a l  c a v i t y  
w i t h i n  an e l a s t i c  p l a t e  under v a r i o u s  l o a d i n g  
c o n d i t i o n s .  The r e p r e s e n t a t i v e  p l a s t i c  e n c l a v e  
l e n g t h  i s  based upon t h e  Dugdale P l a s t i c  Zone 
Model, The complex s t r e s s  f u n c t i o n  approach  of 
h s k h e l i s h v i l i  i n  c o n j u n c t i o n  w i t h  conformal  map- 
p ing  t e c h n i q u e s  i s  employed t o  de t e rmine  t h e  
e n c l a v e  s i z e .  
To demonst ra te  t h i s  a n a l y t i c a l  method, t h e  
p l a s t i c  e n c l a v e  s i z e s  a r e  estimated f o r  s i n g l e  and 
tw in  symmet r i ca l ly  l o c a t e d  r a d i a l  c r a c k s  emanat ing  
from a c i r c u l a r  v o i d  wi th in  a n  e l a s t i c  p l a t e  under  
uniform u n i a x i a l  t e n s i o n .  The r e s u l t i n g  stress 
i n t e n s i t y  da ta  and p l a s t i c  e n c l a v e  s i z e s  are p r e -  
s e n t e d  i n  t a b u l a r  and g r a p h i c a l  form f o r  a wide range 
of c r a c k  d imens ions  and t e n s i l e  l o a d s .  From numer ica l  
convergence t es t s  on t h e  r e s u l t s ,  t he  data i s  judged  
t o  be a c c u r a t e  t o  w i t h i n  2 % .  
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D i s c u s s i o n  i s  p r e s e n t e d  c o n c e r n i n g  t h e  a p p l i c a -  
t i o n  of the  a n a l y t i c a l  method t o  e s t i m a t i n g  p l a s t i c  
e n c l a v e  s i z e s  f o r  a wide v a r i e t y  o f  problems.  
F i n a l l y ,  a n  e x p e r i m e n t a l  approach f o r  t h e  v e r i f i c a t i o n  
o f  a n a l y t i c a l  r e s u l t s  i s  proposed which employs r e f l ec -  
t i v e  p h o t o e l a s t i c  t echn iques .  
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I .  I n t r o d u c t i o n  
The p resence  of c r a c k s  and flaws d i r e c t l y  in-  
f l u e n c e s  t h e  s t r e n g t h  c h a r a c t e r i s t i c s  of  e l a s t i c  
materials.  One approach  t o  t h e  u n d e r s t a n d i n g  of  
t h i s  phenomenon has been t h e  s t u d y  o f  t h e  e l a s t i c  
s tress f i e l d  a d j a c e n t  t o  t h e  c r a c k  t i p .  Par is  and 
S i h  [111 r e p o r t  the  stress f i e l d s  a s  developed  by 
I r w i n  f o r  t h e  th ree  b a s i c  modes of  c rack  s u r f a c e  
d i s p l a c e m e n t .  Refer t o  F ig .  1. I n  mode I ,  t h e  
opening mode, t h e  c r a c k  s u r f a c e s  move d i r e c t l y  a p a r t .  
I n  mode 11, t h e  edge s l i d i n g  mode, t h e  c rack  s u r f a c e s  
s l i d e  ove r  e a c h  o t h e r  p e r p e n d i c u l a r  t o  t h e  l e a d i n g  
edge. I n  mode 111, t h e  t e a r i n g  mode, t h e  c r a c k  
s u r f a c e s  s l i d e  w i t h  r e s p e c t  t o  one a n o t h e r  p a r a l l e l  
t o  t h e  leading edge. 
The I r w i n  s t ress  e x p r e s s i o n s  f o r  mode I are 
p l u s  h ighe r  o r d e r  terms i n  r ,  where t h e  c o r r e s p o n d i n g  
Numbers i n  b r a c k e t s  d e s i g n a t e  r e f e r e n c e s  a t  t h e  end 
of t h i s  t h e s i s  
c o o r d i n a t e  n o t a t i o n  i s  i l l u s t r a t e d  i n  F i g .  2 .  The 
parameter ,  K, i n  t h e  e q u a t i o n s  i s  termed t h e  stress 
i n t e n s i t y  f a c t o r .  It i s  independent  o f  t h e  r and e 
c o o r d i n a t e s  bu t  d o e s  depend upon t h e  magnitude of 
t h e  l o a d i n g  f o r c e  and t h e  g e o m e t r i c  d imens ions  of  
t h e  body i n c l u d i n g  t h e  c r a c k  l e n g t h .  The stress 
i n t e n s i t y  f a c t o r  is a p h y s i c a l  measure o f  t h e  amount 
of f o r c e  t r a n s m i t t e d  th rough t  t h e  c r a c k  t i p  area. 
I n s p e c t i o n  of eqs. (1) r e v e a l s  a s i n g u l a r i t y  
i n  t h e  stresses a s  r approaches  ze ro .  T h i s  condi-  
t i o n  i s  p h y s i c a l l y  imposs ib le ,  and theref o r e ,  there 
must be some r e , l a x a t i o n  of these  " i n f i n i t e  stresses" 
n e a r  t h e  c r a c k  t i p  through t h e  mechanism of p l a s t i c  
y i e l d i n g .  The zone,  which i s  a d j a c e n t  t o  t h e  c r a c k  
t i p  and i n  which t h i s  y i e l d i n g  o c c u r s ,  i s  def ined 
as the  p l a s t i c  enc lave .  
I r w i n  [23 s u g g e s t s  an i n i t i a l  approximat ion  f o r  
t h e  p l a s t i c  e n c l a v e  s i z e .  The normal stress, which 
a c t s  a l o n g  t h e  l i n e  of expec ted  c r a c k  e x t e n s i o n ,  i s  
g i v e n  by eqs .  (11, f o r  e = 0: 
c l p  Trr 
By s o l v i n g  f o r  r when e q u a l s  t h e  y i e l d  s t ress ,  Y,  
Y 
o f  t h e  p a r t i c i p a t i n g  m a t e r i a l  s u b j e c t e d  t o  s imple  
t e n s i o n ,  one o b t a i n s  
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I r w i n  admits tha t  r i s  only  a rough e s t i m a t i o n  of  
t h e  p l a s t i c  e n c l a v e  size bu t  i n d i c a t e s  i t s  impor tance  
Y S  
f o r  p r o p o s i n g  a c r i t e r i o n  f o r  t h e  minimum t o u g h n e s s  
o f  a s t r u c t u r e  a g a i n s t  f r a c t u r e  f a i l u r e  caused  by 
small flaws. 
S i g n i f i c a n t  p r o g r e s s  towards  t h e  e s t i m a t i o n  o f  
p l a s t i c  zone s i z e  h a s  been made by Dugdale [ 3 ] .  H e  
s u g g e s t s  a p h y s i c a l  model of t h e  p l a s t i c  e n c l a v e  
where in  a l i n e a r  e l a s t i c i t y  approach  can  be employed 
t o  t he  n o n - l i n e a r  p l a s t i c i t y  e f f e c t .  R e f e r r i n g  t o  
1 
F i g .  3 ,  f o r  a v e r y  t h i n  sheet c o n t a i n i n g  a c r a c k  and 
loaded  p e r p e n d i c u l a r  t o  t h e  c r a c k  l i n e ,  p l a s t i c  y i e l d -  
i n g  i s  assumed t o  o c c u r  i n  a s t r i p  of e l a s t i c - p e r f e c t l y  
p l a s t i c  material, wh ich  p recedes  t h e  c r a c k  t i p  i n  a 
d i r e c t i o n  c o i n c i d e n t  w i t h  the  c rack  l i n e .  Thus, ac- 
c o r d i n g  t o  Dugdale ' s  m o d e l  the p l a s t i c  e n c l a v e  i s  a n  
e x t e n s i o n  of t h e  i n i t i a l  c r a c k  by a l e n g t h ,  W ,  which 
becomes la rger  w i t h  a n  i n c r e a s e  i n  e x t e r n a l  l o a d  and 
upon which normal t e n s i l e  stresses a c t  e q u a l  i n  magni- 
t u d e  t o  the  material y i e l d  s tress,  Y. Dugdale t h e n  
r e p r e s e n t s  t h e  normal s t r e s s , 6  a c t i n g  at t h e  
e n c l a v e  edge, b y  t h e  l i n e a r  s u p e r p o s i t i o n  of t h e  
Y' 
stresses r e s u l t i n g  from the p l a s t i c  l o a d ,  Y, and t h e  
e x t e r n a l  l o a d ,  cm . H e  s ta tes  t h a t  t h e  Y a n d c -  con- * 
t r i b u t i o n  t o r y  c a n  be  de te rmined  i n  t h e  form of  se r ies  
. 
i n  a s c e n d i n g  powers of  oc having  the  l e a d i n g  terms: 
where ac and p are d e f i n e d  by , 
r = L 4 a  > a =  c c m ~ f i  
By setting t h e  combina t ion  of t h e  c o e f f i c i e n t s  of k’ 
e q u a l  t o  z e r o ,  Dugdale p r o v i d e s  a c o n d i t i o n  by which 
the  stress s i n g u l a r i t y  at  d. = 0, x = L, i s  removed, 
i.e. : 
The c o n d i t i o n  ( 4 )  can  be manipula ted  i n t o  a n  e x p r e s s i o n  
f rom which t h e  p l a s t i c  enc lave  s i z e  can  be estimated 
f o r  any g i v e n  load  t o  y i e l d  r a t i o  and i n i t i a l  c r a c k  
l e n g t h .  It is 
and t h e  co r re spond ing  p l a s t i c  e n c l a v e  s i z e  i s  g iven  b y  
H e  has a l s o  conducted e x p e r i m e n t s . w i t h  s tee l  sheets  
s u b j e c t e d  t o  u n i a x i a l  t e n s i o n  p e r p e n d i c u l a r  t o  i n t e r -  
n a l  s l i t s  which t e n d  t o  v e r i f y  h i s  a n a l y t i c a l  approx i -  
m a t i o n .  
I 
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Rosenfleld, Dai, and Hahn [ 4 ]  d e s c r i b e  e x p e r i m e n t s  
which r e v e a l  t h e  th ree -d imens iona l  n a t u r e  o f  t h e  
p l a s t i c  e n c l a v e s  p reced ing  n o t c h e s  and c r a c k s  i n  s t e e l  
p l a t e s  under  t e n s i o n .  T h e i r  f i n d i n g s  h e l p  t o  s u b s t a n -  
t i a t e  the  Dugdale model as a f a i r  r e p r e s e n t a t i o n  of 
a c t u a l  p h y s i c a l  p l a s t i c  e n c l a v e s .  From t h e i r  e x p e r i -  
m e n t a l  r e s u l t s ,  t h e  p l a s t i c  zone a p p e a r s  t o  be a 
wedge shaped p l a n e  i n c l i n e d  at 45 degrees t o  t h e  p l a n e  
of  t h e  c r a c k  a s  i l l u s t r a t e d  i n  F i g .  4 .  They sugges t  
t ha t  t h e  i n c l i n e d  p l a s t i c  wedge unde r  p l a n e  stress 
c o n d i t i o n s  can  be i n t e r p r e t e d  i n  terms of t h e  Dugdale 
h o r i z o n t a l  p l a s t i c  wedge, and t h e  d i f f e r e n c e s  between 
them d i m i n i s h  as  t h e  p l a s t i c  e n c l a v e  s i z e  s u r p a s s e s  
t h e  p l a t e  t h i c k n e s s .  T h e y  conc lude  that  by t r ans fo rm-  
i n g  t h e  th ree -d imens iona l  p l a s t i c  r e g i o n  i n t o  a one- 
d i m e n s i o n a l  p l a s t i c  zone, t h e  Dugdale model v a s t l y  
r e d u c e s  t h e  a n a l y t i c a l  complexi ty  of t h e  problem, and 
t h e r e f o r e  any  i n a c c u r a c i e s  i n t r o d u c e d  by i t s  u s e  are  
t o l e c a b l e  
One o f  t h e  cases where t h e  Dugdale model  and 
r e s u l t i n g  p l a s t i c  zone s i z e s  are f r u i t f u l l y  employed 
i s  t h e  p l a s t i c i t y  c o r r e c t i o n  t o  t h e  s t ress  i n t e n s i t y  
f a c t o r s  f o r  a s ingle-edge  c r a c k e d  specimen i n  t e n s i o n  
a s  developed  by Kobayashi and Brown C51. 
stress i n t e n s i t y  f a c t o r s  f o r  v a r i o u s  c r a c k  l e n g t h  t o  
specimen w i d t h  r a t i o s  are  c o n s i s t e n t l y  l a r g e r  t h a n  t h o s e  
o b t a i n e d  by e l a s t i c  a n a l y s i s  and a g r e e  w i t h  e x p e r i m e n t a l  
The r e s u l t i n g  
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f i n d i n g s  . 
T h i s  t h e s i s  has been u n d e r t a k e n  t o  ex tend  Dugdale ' s  
model t o  t h e  e s t i m a t i o n  of p l a s t i c  e n c l a v e  s i z e s  i n  t h e  
more complex problem of  c r a c k s  emanat ing  from v o i d s  
w i t h i n  e l a s t i c  p la tes .  An a n a l y t i c a l  t e c h n i q u e  i s  de- 
ve loped  by, which t h e  Dugdale model  can  be a p p l i e d  t o  a 
wide v a r i e t y  of geomet r i e s  and  l o a d  c o n d i t i o n s .  To 
a c h i e v e  t h i s  end,  t he  M u s k h e l i s h v i l i  [ 6 ]  complex 
v a r i a b l e  approach  t o  p l ane  e l a s t i c i t y  i n  c o n j u n c t i o n  
w i t h  conformal  mapping methods are a p p l i e d  t o  t h e  
problem. The stress i n t e n s i t y  f a c t o r s  o b t a i n e d  from 
t h e  e l a s t i c i t y  . s o l u t i o n  are dependent  upon t h e  p l a s t i c  
e n c l a v e  s i z e  as d e f i n e d  by Dugdale's model. For  e a c h  
s e t  of  geomet r i c  and l o a d i n g  c o n d i t i o n s ,  t h e  p l a s t i c  
e n c l a v e  s i z e  i s  determined such t h a t  t h e  r e s u l t i n g  
stress i n t e n s i t y  f a c t o r  v a n i s h e s  and no  " i n f i n i t e  
stresses" e x i s t  i n  the c r a c k  t i p  r e g i o n .  A s p e c i f i c  
de t a i l ed  problem i s  g iven  where t h e  p l a s t i c  e n c l a v e  
s i z e s  are estimated f o r  i n t e r n a l  c r a c k s  emanat ing  from 
c i r c u l a r  c a v i t i e s  w i t h i n  e l a s t i c  p l a t e s  under  t e n s i o n .  
The s o l u t i o n  f o r  t h e  enc lave  s i z e s  of re la ted problems 
i s  d i s c u s s e d  w i t h  r e s p e c t  t o  t h e  method p r e s e n t e d  i n  
t h i s  thesis ,  and an expe r imen ta l  v e r i f i c a t i o n  t echn ique  
i s  proposed employing p h o t o e l a s t i c i t y .  
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11, A n a l y t i c a l  Development 
2 . 1  Genera l  Approach 
The e s t i m a t i o n  of t h e  p l a s t i c  e n c l a v e  s i z e s  a t  
t he  l e a d i n g  edges of i n t e r n a l  c r a c k s  emanat ing from 
a c i r c u l a r  c a v i t y  w i t h i n  an i n f i n i t e  e l a s t i c  sheet 
i s  g i v e n  t o  p r e s e n t  a n  a n a l y t i c a l  method by which 
Dugda le ' s  model can  be ex tended  t o  complex g e o m e t r i e s .  
The e l a s t i c  sheet i s  s u b j e c t e d  t o  a uni form u n i a x i a l  
t e n s i l e  l o a d  a p p l i e d  a t  i n f i n i t y .  The two s p e c i f i c  
c a s e s  p r e s e n t e d  are  shown i n  F i g .  5 :  a s i n g l e  and a 
t w i n  c r a c k  g e o m e t r y . ,  The problem i s  immediately 
separated i n t o  the  l i n e a r  s u p e r p o s i t i o n  o f  t he  c a s e  
w i t h  o n l y  e x t e r n a l  l o a d s ,  problem A ,  and t h a t  w i t h  
o n l y  p l a s t i c  l o a d s ,  problem B, as  i l l u s t r a t e d  i n  F i g .  
6 .  I n  t h i s  manner t h e  stress i n t z n s i t y  f a c t o r  a t  a 
p l a s t i c  e n c l a v e  t i p ,  L, can be de t e rmined  as t h e  con- 
t r i b u t i o n  from t h e  e x t e r n a l  l o a d  p l u s  t h a t  f rom t h e  
p l a s t i c  l oad .  The p l a s t i c  e n c l a v e  w i l l  t h e n  be the  
l e n g t h ,  W ,  f o r  which 
K -  K P + Y , = O  ( 7 )  
T h i s  i n s u r e s  t h a t  the  s t r e s s e s  i n  t h e  c r a c k  t i p  r e g i o n  
remain  f i n i t e .  The s t r e s s  i n t e n s i t y  f a c t o r s ,  K A ,  have 
been  r e p o r t e d  by R o b e r t s  and Rich  [7 ] .  They employed 
t-he complex v a r i a b l e  t e c h n i q u e s  of M u s k h e l i s h v i l i  [ 61 
-10- 
i n  a manner similar t o  t h e  one e x p l a i n e d  n e x t  f o r  t h e  
d e t e r m i n a t i o n  of  KB. 
A conformal  mapping f u n c t i o n  i s  used which t r a n s -  
forms  t h e  c i r c u l a r  v o i d  with k symmet r i ca l ly  emanat ing 
r ad ia l  c r a c k s  and. t h e  i n f i n i t e  complex z p l a n e  e x t e r i o r  
t o  the voi’d and c r a c k s  onto a u n i t  c i r c l e  a n a  e x t e r i o r  
i n f i n i t e  j’ p lane .  The f u n c t i o n a l  r e p r e s e n t a t i o n  of t h i s  
where and are  t h e  normal s t ress  components and 
ee i s  the  ,shear component i n  p o l a r  c o o r d i n a t e s .  From 
t h e  stress f u n c t i o n  VCJ),  t h e  $tress i n t e n s i t y  f a c t o r  a t  
a c r a c k  t i p ,  f =  5 i s  obta ined  u s i n g  t h e  e x p r e s s i o n  
- 
t r a n s f o r m a t i o n  i s  
3E = o(9) ( 8 )  
where W i s  t h e n  expanded i n t o  a n  i n f i n i t e  polynomial  
se r ies  i n  9 . 
geometry upon which t h e  boundary c o n d i t i o n s  from t h e  
p l a s t i c  e n c l a v e  may be a p p l i e d .  
‘ T h i s  t r a n s f o r m a t i o n  p r o v i d e s  a s i m p l e r  
A t  t h i s  p o i n t ,  two complex stress f u n c t i o n s ,  9 
and , which are holomorphic i n  t h e  r e g i o n  e x t e r i o r  
t o  t h e  u n i t  c i r c l e ,  are d e f i n e d  i n  t he  9 p lane .  The 
e l a s t i c  s t resses  i n  t h i s  r e g i o n  are g i v e n  by Muskhe- 
l i s h v i l i  as 
-11- 
g i v e n  by Paris and  S i h  El]: 
Because on ly  q(f1 i s  involved  i n  (lo), i t  i s  t h e  o n l y  
stress f u n c t i o n  which needs t o  be d e t e r m i n e d .  
For  t h i s  boundary va lue  problem of the  f i r s t  
k i n d ,  t h e  s u r f a c e  t r a c t i o n s  a re  s p e c i f i e d  a t  t h e  bound- 
a r y  and a re  r e l a t ed  t o  t h e  stress f u n c t i o n s  by t h e  t r a n s -  
formed boundary .equat ion  as g i v e n  i n  [SI: 
where fl + i f 2  
p l a s t i c  zone.  M u s k h e l i s h v i l i  [ S I  g i v e s  t h e  c o n t o u r  i n -  
tegral  f o r  the l o a d i n g  f u n c t i o n  as  
r e p r e s e n t s  t h e  l o a d i n g  f u n c t i o n  i n  t h e  
where x and yn are  t h e  v e c t o r  components of  t h e  e x -  
ternal t r a c t i o n s  which a c t  a l o n g  t h e  boundary, L ,  
n 
When the  s u r f a c e  t r a c t i o n  i s  a c o n s t a n t  normal  
stress, which i s  p r e c i s e l y  t h e  problem B where Y a c t s  
o v e r  t h e  c r a c k  s u r f a c e  co r re spond ing  t o  t h e  e n c l a v e  
l e n g t h ,  t h e  same r e f e r e n c e  shows 
where L c o r r e s p o n d s  t o  the c i r c u l a r  edge p l u s  a d j o i n i n g  
c r a c k - ( s )  i n  the  z p l a n e .  Then t h e  l o a d i n g  f u n c t i o n  
i s  t r a n s f o r m e d  t o  t h e  9 p l a n e  and expanded i n t o  a 
-12 - 
complex F o u r i e r  series by  
where Y(e) ' i s  t h e  t ransformed f u n c t i o n ,  which i s  ex-  
p r e s s e d  i n  p o l a r  form and i n t e g r a t e d  c lockwise  a l o n g  
t h e  u n i t  c i r c l e ,  0 i s  t h e  p o l a r  a n g l e  i n  t he  4 p l a n e ,  
and dn i s  the r e s u l t i n g  F o u r i e r  c o e f f i c i e n t .  
By s u b s t i t u t i n g  f l  t i f 2  as a F o u r i e r  Series, 0 C . f )  
e x p r e s s e d  a s  a n  i n f i n i t e  p o l y n a n i a l ,  (9(f) and I t s )  
w r i t t e n  a s  Laurent  Series about  f = 0, i n t o  (111, a n  
i n f i n i t e  set of  l i n e a r  a l g e b r a i c  e q u a t i o n s  i s  o b t a i n e d  
f o r  the d e t e r m i n a t i o n  of the  c o e f f i c i e n t s  of (9(.f) . 
To o b t a i n  a p r a c t i c a l  s o l u t i o n  f o r  (9(sJ), the  i n f i n i t e  
s e t  of  e q u a t i o n s  i s  approximated by i t s  p a r t i t i o n e d  s e t ,  
which c o n s i s t s  of t h e  f i r s t  M e q u a t i o n s  i n  t h e  f i rs t  M 
c o e f f i c i e n t s  of 'Q(.f) . T h i s  i s  accomplished by t r u n -  
c a t i n g  O ( 3 )  t o  a ser ies  of  N terms b e f o r e  a p p l y i n g  it 
t o  (11). The problem t h e r e f o r e  r e d u c e s  t o  t h e  numer i ca l  
s o l u t i o n  of (11) f o r  t h e  c o e f f i c i e n t s  of Q ( 3 ) .  S t u d i e s  
are a l s o  r e q u i r e d  t o  learn t h e  e f f e c t  o f  t r u n c a t i n g  O<$) 
on CQCf) s convergence.  From t h e  c o e f f i c i e n t s ,  TI($) 
i s  eas i ly  ob ta ined  and s u b s t i t u t e d  back i n t o  ( 1 0 )  f o r  KB. 
Using t h e  v a l u e s  o f  KA and KB, which are de termined  
f o r  a wide r ange  of %/y and L/R r a t i o s ,  . i n  c o n j u n c t i o n  
w i t h  c o n d i t i o n  (71, t h e  Dugdale p l a s t i c  zone s i z e s  f o r  
v a r i o u s  r a n g e s  of  t h e  same parameters are de te rmined .  
-13- 
i i 
I n  t h e  f o l l o w i n g  de t a i l ed  s o l u t i o n ,  a l l  c o e f -  
f i c i e n t s  f o r  t h e  v a r i o u s  series were computed by 
r e c u r s i o n  l o o p s  on a d i g i t a l  computer.  Refer t o  
t h e  program l i s t i n g  i n  Appendix C f o r  t h e  s p e c i f i c  
p r o c e d u r e s  used t o  c a l c u l a t e  any p a r t i c u l a r  set o f  
c o e f f i c i e n t  S. 
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2.2 'Mapping F u n c t i o n  
The mapping f u n c t i o n  which was used t o  map t h e  
c i r c ' u l a r  v o i d  w i t h  k symmetrically emanat ing  r ad ia l  
cracks and ' the i n f i n i t e  complex z p l a n e ,  which i s  
e x t e r i o r  t o  t h e  void  and c r a c k s ,  o n t o  a u n i t  c i r c l e  
and e x t e r i o r . i n f i n i t e  complex f p l a n e  i s  g i v e n  by 
R o b e r t s  and R ich  C71 as  
* .  
where k = l  c o r r e s p o n d s  t o  t h e  s i n g l e  c r a c k  problem; 
k=2 c o r r e s p o n d s  . t o  the t w i n  c r a c k  problem. The 
parameter, E , i s  a r e a l  number which depends upon 
the  c rack  l e n g t h  t o  vo id  r a d i u s  r a t i o ,  L/R.  The Z 
p l a n e  and co r re spond ing  $ p l a n e  f o r  b o t h  k = l  and 2 
are shown i n  F i g .  7 .  I n  b o t h  cases O C J )  maps t h e  
cracks as  b ranch  c u t s .  
D e r i v a t i o n s  of t h e  fo l lowing  impor t an t  p r o p e r t i e s  
o f  t h e  mapping f u n c t i o n s  are g iven  i n  Appendix A .  The 
c o n s t a n t ,  /-c , was chosen i n  (15) t o  normal ize  t h e  I 
geometry w i t h  r e s p e c t ,  t o  R i n  t h e  Z p lane .  Thus f o r  a 
g i v e n  v a l u e  o f  L/R i n  t h e  p h y s i c a l  problem, t h e  v a l u e  
of L i n  the Z p l a n e  i s  s e t  e q u a l  t o  tha t  r a t i o ,  The 
p a r a m e t e r ,  E , i s  r e l a t e d  t o  L by 
-1 5- 
f o r  k-1 
k= 2 
L 
t = 2.(*)- I 
where = L + 1 and v a r i e s  f rom + 1 when L a p p r o a c h e s  
i n f i n i t y  t o  - 1 when L approaches  ze ro .  
R e f e r r i n g  a g a i n  tc Fig.  7, the t r a n s f a n n a t i o n  of 
some impor t an t  p o i n t s  are n o t e d .  I n  t h e  9 p l a n e  
;e 
p o i n t s  on  t h e  u n i t  c i r c l e  are denoted  by u + i v  o r  e . 
Thus t h e  b ranch  p o i n t  where t h e  c r a c k  j o i n s  t h e  h o l e  i s  
c o m p l e t e l y  s p e c i f i e d  by t h e  ang le  8 - o c  , and t h e  x co- 
o r d i n a t e ,  1 + a ,  i s  spec i f i ed  by e=e* o Note t h a t  ob 
i s  t h e  upper  l i m i t  f o r  e* i f  t h e  e n t i r e  c r a c k  i s  l o a d e d  
by t h e  y i e l d  stress,Y. 
' f o r  k = l  (17 )  
and 
Equa t ion  (18)  was solved n u m e r i c a l l y  on a d i g i t a l  
computer  t o  de t e rmine  c3* ' f o r  a g i v e n  1 + a by u s i n g  a 
as the  uppe r  l i m i t .  For t h e  c a s e  of k=2,  d e r i v a t i o n  
of a n  e x p r e s s i o n  similar t o  (18) proved t o  be t o o  in -  
vo lved  f o r  p r a c t i c a l  pu rposes ,  t h e r e f o r e ,  e* was ob- 
t a i n e d  n u m e r i c a l l y  from t h e  t r u n c a t e d  mapping f u n c t i o n .  
A t  t h i s  p o i n t ,  t h e  r i g h t  hand s ide  o f  (15 )  was 




f o r  k=l 
To e x p a n d ' t h e  r a d i c a l  i n  (lg), l e t  fL = - -6 t h u s  
and  by applying a b i ~ c m i a l  e x p a n s i m  t o  each qumtit57 
i n  b r a c k e t s - i n  (201 ,  i t  fol lowed 
Now, by s u b s t i t u t i n g  ( 2 1 )  i n t o  (19) and c o l l e c t i n g  
terms, t h e  f o l l o w i n g  i n f i n i t e  p o l y n a n i a l  se r ies  was 
o b t a i n e d  . 
where t h e  A n ' s  are r e a l  c o e f f i c i e n t s  and 
For  k=2 u s e  was made of t h e  expans ion  f o r  k = l  
i n d i c a t e d  n e x t .  
Note t h a t  w i t h i n  t h e  b r a c e s  i n  ( 2 4 ) ,  t h e  f u n c t i o n  
i s  i d e n t i c a l  t o  t h a t  i n  (19) where .f 
T h e r e f o r e ,  the  c o e f f i c i e n t s  f o r  t h a t  p a r t  o f  ( 2 4 )  are 
e q u i v a l e n t  i n  form t o  t h o s e  i n  (221, Thus 
i s  . r ep laced  by  3z. 
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The problem t h e n  became f i n d i n g  t h e  p o l y n m i a l  
whose squa re  y i e l d s  t h e  polynomial  w i t h i n  t h e  braces 
i n  ( 2 5 )  T h i s  was done b y  i n s p e c t i o n  and gave  a 
series of t h e  form: 
where t h e  B n ' s  are r ea l  c o e f f i c i e n t s .  
F i n a l l y  the  polynomial  r e p r e s e n t a t i o n s  of t h e  - 
mapping f u n c t i o n s  were t r u n c a t e d  t o  make p o s s i b l e  t h e  
s o l u t i o n  of t h e  boundary 
form : 
f o r  k = l  
it = O , C S )  = 
va lue  problem I n  t r u n c a t e d  
To improve t h e  accuracy o f  t h e  t r u n c a t e d  ser ies ,  
t h e  c o e f f i c i e n t s ,  N-2, N-1, and N ,  were de te rmined  i n  
a manner t o  s a t i s fy  t h e  f o l l o w i n g  c o n d i t i o n s .  
dz 
I d $  = d u & V J e -  o at j = l  
d'a #. c e z" j =  I
9 , L t )  = 0 e = e Y  
I 
/Cf = 
To de te rmine  Z1", e q u a t i o n s  ( 1 9 )  and ( 2 4 )  were 
d i f f e r e n t i a t e d  tw ice  and e v a l u a t e d  a t  3 1 1  , T h i s  
g a v e  
- 18- 
I 
f o r  k = l  € +  3 
I 
k=2 
I n  b o t h  cases, k=l and 2 ,  t h e  c o n d i t i o n s  ( 2 8 )  
s u p p l i e d  three l i n e a r  a l g e b r a i c  e q u a t i o n s  i n  t he  
three unkn’own c o e f f i c i e n t s ,  N-2 ,  N - i ,  a n a  IU. T h e  
f i r s t  N-3  c o e f f i c i e n t s  remained t h o s e  o b t a i n e d  from 
( 2 2 )  and ( 2 6 ) .  The three  l i n e a r  e q u a t i o n s  are 
f o r  k = l  
- 
and f o r  k=2 
After t h e  t r u n c a t e d  polynomial  mapping f u n c t i o n s  
were o b t a i n e d ,  t h e  complex boundary va lue  problem was 
s o l v e d  u s i n g  t h e  M u s k h e l i s h v i l i  Method. 
-19- 
2.3 Boundar’y Value S o l u t i o n  
I n  accordance  w i t h  M u s k h e l i s h v i l i  [ S I ,  t h e  com- 
p l e x  stress f u n c t i o n s  were r e p r e s e n t e d  i n  t h e  r e g i o n  
e x t e r i o r  t o  t h e  u n i t  c i r c l e  i n  t h e  .f p l a n e  b y  the  
f o l l o w i n g  Laurent  Ser ies :  
a0 
9 ( 5 ) =  & 9 bhfn 
where t h e  c o e f f i c i e n t s  a r e  unknown. 
For  problem B i n  both  cases, k = l  and 2 ,  t h e  
stresses v a n i s h  a s  f approaches  i n f i n i t y .  By apply-  
i n g  t h i s  c o n d i t i o n  i n  c o n j u n c t i o n  w i t h  e q u a t i o n s  ( 9 )  
and ( 3 2 ) ,  some of t h e  unknown c o e f f i c i e n t s  were elim- 
i n a t e d  as  f o l l o w s :  
aA/ 3 - a  
D i f f e r e n t i a t i n g  ( 3 2 )  and t h e n  s u b s t i t u t i n g  i n t o  ( 3 3 )  
gave 
d 
c nL,, $ “ - I  = 0 ( 3 4 )  
0 -  -4 
F o r  ( 3 4 )  t o  hold  .as 9 approaches  i n f i n i t y ,  t h e  follow- 
i ng  c o n d i t i o n  must p r e v a i l  upon ‘?‘(J) : 
and thhs 
-20- 
By remembering t h a t  KB depends upon ' P ' ( J )  as  
i n d i c a t e d  by e q u a t i o n  (101, t h e  c o e f f i c i e n t  of  fo 
was n e g l e c t e d  and v(S) was w r i t t e n  i n  t h e  f o l l o w i n g  
re - indexed  form: 
Noting that  '9"($) = o as 9 approaches  i n f i n i t y ,  
fran t h e  second e q u a t i o n  o f  ( g ) ,  9 ' C S )  was de te rmined  
t o  be 
T h e r e f o r e ,  i n  a manner similar t o  t h a t  used f o r  ( 3 7 ) ,  
was w r i t t e n  i n  t h e  f o l l o w i n g  re-indexed form: 
On t h e  u n i t  c i r c l e ,  = f-' , and t h u s  (39 )  g i v e s  
The boundary e q u a t i o n ,  (111, was t h e n  employed t o  
d e t e r m i n e  the  remain ing  unknown c o e f f i c i e n t s  of Y c s )  . 
Because of t h e  form o f  2 y ( $ )  as  g i v e n  i n  ( 4 0 ) ,  t h e  
- 
r e s u l t i n g  c o e f f i c i e n t s  of f' , ,LO , i n  (11) pro-  
duced a set  of l i n e a r  e q u a t i o n s ,  which invo lve  on ly  
combina t ions  of t h e  known c o e f f i c i e n t s  of O C 9 )  , 
. - 21- 
t h e  known l o a d i n g  f u n c t i o n ' s  F o u r i e r  c o e f f i c i e n t s ,  
a n d  t h e  unknown c o e f f i c i e n t s  of y(f) S p e c i f i c a l l y  
To de t e rmine  VCf) for k=1 ,  it was n o t e d  t h a t  
& 
Y a c t s  normal t o  t h e  u n i t  c i r c l e  from - 8' t o  8 as 
shown i n  F ig .  7. Applying ( 1 4 )  t h e  F o u r i e r  Series 
f o r  t h e  l o a d i n g  f u n c t i o n ,  f l  + i f 2 ,  deve loped  a s  
it fol lowed t h a t  
By s u b s t i t u t i n g  ( 4 4 )  back i n t o  ( 4 2 1 ,  t h e  i n t e g r a t i o n  
y i e l d e d  
where f r a m ( 2 8 )  and ( 4 3 )  
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s i n c e  t h e  imaginary part o f  O,(f) was f o r c e d  t o  z e r o  
a t  e = &  . 
Next u s i n g  ( 2 7 )  
t h u s  
F i n a l l y  a p p l y i n g  (271, (37) ,  ( 4 5 ) ,  (47)  and ( 4 8 )  
t o  e q u a t i o n  ( 4 1 )  r e s u l t e d  i n  
A s t u d y  of t h e  above expanded se r ies  m u l t i p l i c a -  
t i o n s  r e v e a l e d  t ha t  N mapping terms y i e l d e d  a set b f  
l i n e a r  a l g e b r a i c  e q u a t i o n s  f o r  bo t o  bM where M = N - 4 ,  
Fo r  n > M, bn was obta ined  from the reduced form of  ( 4 1 ) :  
M u l t i p l y i n g  o u t  t h e  se r ies  i n  ( 4 9 )  y i e l d e d  
-2 3- 
ag C + I - d  2 A, f It was n o t e d  t ha t  only p a r t  of t he  
9 - 0  
a f fec t s  t h e  , ; 4 0  , terms o f  ( 4 9 ) .  T h e r e f o r e  
it was r e - w r i t t e n  i n  the f o l l o w i n g  way; 
where gn = 
s M - f i o  
S u b s t i t u t i n g  ( 5 2 )  back i n t o  (511, and t h e n  back 
i n t o  (491, y i e l d e d  the  f o l l o w i n g  set o f  l i n e a r  equa-  
t i o n s  f o r  bn: 
Index ,  p ,  v a r i e s  from 0 t o  M i n  
N-? 
b, + C (-1-n)g b = d  P + I  ?+n 3 Q = O  
( 5 3 )  
E q u a t i o n s ,  (53)  when s o l v e d  s i m u l t a n e o u s l y ,  deter-  
mined t h e  f i r s t  0 t o  M c o e f f i c i e n t s  o f  q ( 3 )  . 
Equa t ion  (50)  y i e lded  the  r ema in ing ,  n 7 M, c o e f f i c i e n t s ,  
The t h i r d  c o n d i t i o n  on t h e  t r u n c a t e d  mapping f u n c t i o n  
a s  e x p r e s s e d  by (28 ) ,  i n s u r e s  t h a t  t h e  imaginary  p a r t  
o f  C J C ~ I  e q u a l s  z e r o  a t  e =  e* . I n s e r t i n g  t h i s  
f a c t  as e q u a t i o n  ( 4 6 )  i n t o  (45)  enab led  t h e  convergence  
of  dn t o  z e r o  as n approaches  i n f i n i t y  t o  be shown, 
See Appendix B.  The re fo re ,  i n  c o n j u n c t i o n  w i t h  (501, 
t h e  n u m e r i c a l  convergence of ' f ( f )  and more i m p o r t a n t  
q ' ( 3 )  was a s s u r e d .  
Numeric a1 
N on t h e  n- th  
tests were r u n  t o  l e a r n  t h e  e f f e c t  o f  
o e f f i  i e n t ,  dn. These r e s u l t s  are 
r e p o r t e d  l a t e r  and  were used t o  d e t e r m i n e  the  number 
of terms i n  q c 3 )  r e q u i r e d  t o  a c h i e v e  t h e  des i red  
accuracy.  Thus < Q c J )  was computed by two sums: 
For  k=2,  s ' i j )  was de termined  i n  a f a s h i o n  
similar t o  t h a t  f o r  k = l  wi th  t h e  f o l l o w i n g  m o d i f i c a -  
t i o n s .  The twin crack problem i s  symmetric i n  b o t h  
l o a d i n g  and geometry w i t h  r e s p e c t  t o  t h e  c o o r d i n a t e  
axes .  The re fo re ,  t h e  problem was m o d i f i e d  t o  t h e  
l i n e a r  s u p e r p o s i t i o n  o f  the tw in  c r a c k  w i t h  p l a s t i c  
l o a d i n g  on ly  on t h e  r i gh t  hand c r a c k  t i p ,  Problem C ,  
p l u s  t he  tw in  c r a c k  w i t h  p l a s t i c  l o a d i n g  o n l y  on t h e  
l e f t  hand c r a c k  t i p ,  Problem D ,  as i l l u s t r a t e d  i n  
F i g .  8 .  It was t h e n  noted t ha t  D i s  e x a c t l y  t h e  same 
as C where t h e  c o o r d i n a t e  axes  are r o t a t e d %  r a d i a n s .  
Fo r  t h a t  amount o f  r o t a t i o n ,  M u s k h e l i s h v i l i  [ 6 ]  shows 
that the  co r re spond ing  f u n c t i o n a l  t r a n s f o r m a t i o n  i s  
Thus, f o r  a p p l i c a t i o n  t o  the  , s o l u t i o n  of t h e  
stress i n t e n s i t y  f a c t o r  a s  i n d i c a t e d  by ( 1 0 )  
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and t h e  problem i s  s o l v e d  by d e t e r m i n i n g  t h e  c o e f -  
f i c i e n t s  o f  FG(f) . 
Canpar i son  of  t h e  9 p l a n e s  f o r  k = l  and k=2 
a s  shown f o r  C i n  F i g .  9 ,  r e v e a l e d  t h a t  t h e  F o u r i e r  
S e r i e s  f o r  t h e  l o a d i n g  f u n c t i o n  of C i s  t h e  same a s  
t h a t  f o r  k=l where t h e  only  d i f f e r e n c e  comes from t h e  
t w i n  c r a c k  mapping f u n c t i o n .  Thus from 
where t h e  power (1-2n) replaces (1-n)  i n  ( 4 3 ) ,  t h e  
F o u r i e r  S e r i e s  f o r  C i s  ob ta ined  from ( 4 5 )  b y - r e p l a c -  
i n g  j w i t h  2 j :  
where from (28)  and ( 5 7 )  
t h u s  
-2 6- 
t h u s  
Expansion and  m u l t i p l i c a t i o n  of  t h e  series i n  ( 6 2 )  
r e v e a l e d  two independent  se t s  of l i n e a r  a l g e b r a i c  
e q u a t i o n s  f o r  t h e  even and odd brits. 
L e . ,  b , f a +  b39 + .... 
i d e n t i c a l l y  e q u a l  t o  zero .  Fo r  t h e  even n ' s ,  N terms 
For  odd n ' s ,  
, t h e  c o e f f i c i e n t s  are a l l  - I  
i n  t he  mapping f u n c t i o n  y i e l d e d  a se t  of  l i n e a r  a lge-  
b r a i c  e q u a t i o n s  f o r  bo t o  b2M where M = N - 2 .  
n > 2M, bn was o b t a i n e d  from t h e  reduced form of ( 4 1 )  
as i n d i c a t e d  by ( 5 0 ) :  
F o r  
- I -  n Q E. b,S = d,, f" 
where all d n l s ,  n i s  even, are i d e n t i c a l l y  e q u a l  t o  z e r o .  
M u l t i p l y i n g  out t h e  ser ies  i n  ( 6 2 )  y i e l d e d  
n -  o 
-2 7- 
0 zr,+l-arJ 
2 g m 9  
There fo re  it 
It was noted t h a t  only p a r t  of the 
a f f e c t s  t h e '  ;PJ , j 4 0, terms o f  ( 6 2 ) .  
n = o  
was r e w r i t t e n  i n  t h e  fo l lowing  way: 
S u b s t i t u t i n g  ( 6 4 )  back i n t o  (63) , -and t h e n  back  
i n t o  ( 6 2 ) ,  y i e l d e d  t h e  fo l lowing  set  of  l i n e a r  equa- 
t i o n s  f o r  bn where n i s  even: 
Index p v a r i e s  from 0 t o  M i n  
E q u a t i o n s  (65 ) ,  when so lved  s imul t aneous ly ,  
de te rmined  t h e  f i rs t  0 t o  2M c o e f f i c i e n t  of %Cg> . 
Equa t ion  ( 5 0 )  y i e l d e d  the  remaining,  n 7 2M, c o e f f i -  
c i e n t s .  The convergence p r o p e r t i e s  f o r  dn shown f o r  
k = l  i n  Appendix B a l s o  app ly  t o  k=2.  T h e r e f o r e ,  t h e  
numer i ca l  convergence o f  
Convergence s t u d i e s  f o r  t h e  t w i n  crack are  r e p o r t e d  l a t e r ,  
' f c c 3 )  and 9 ' C . J ' )  was a s s u r e d .  
which de termined  Q f o r  the number of mapping terms, N, 
t o  y i e l d  t h e  des i red  accuracy of qe( 3) . Thus 'fcCS) 
was canputed  by two sums: 
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2 . 4  Stress I n t e n s i t y  F a c t o r s  
The stress f u n c t i o n s  f o r  k = l  and 2 were found 
i n  t h e  p r e v i o u s  s e c t i o n  and shown as 
f o r  k = l  
k=2 ' 
These were a p p l i e d  t o  (10) t o  d e t e r m i n e  t h e  stress 
i n t e n s i t y  f a c t o r  at  t h e  c r a c k  t i p ,  q=1. The q u a n t i t y  
O'(f) was w r i t t e n  i n  the  f o l l o w i n g  a l t e r n a t e  form t o  
ease t h e  s o l u t i o n  o f  (10) .  
it c a n  be w r i t t e n  a s  
SinceO'C3) i s  zero w h e n f z j  , 
10'(3) = ( 3-1) g I 9 )  ( 6 8 )  
where q(3) i s  a p o l y n a n i a l  whose c o e f f i c i e n t s  a re  
chosen  such  t h a t  t h e  r o o t s  o f  g c f ) = O  f a l l  i n s i d e  t h e  
u n i t  c i r c l e .  D i f f e r e n t i a t i n g  ( 6 8 )  y i e l d s  
0" ( 3 )  = (3-1) 923) + g(s) ( 6 9 )  
Then s o l v i n g  f o r  q($) i n  ( 6 9 )  and s u b s t i t u t i n g  back  
i n t o  (68 )  r e v e a l s  
For a c r a c k  t i p  a t  j = q =  J , WCS) was expanded 
abou t  f = /  i n  e q u a t i o n  ( 1 0 ) ;  t h e n  ( 7 0 )  was a p p l i e d  t o  
g i v e ,  
-2 9- 
t h u s  
- 
stress i n t e n s i t y  f a c t o r  at  the crack t i p  f o r  k = l  was 
de te rmined  t o  be 
2 f a  
F o r  k=2, y’b> was found from ‘fc ( 3)  by a p p l y i n g  
e q u a t i o n  (56 ) ;  t h e n  s u b s t i t u t e d  i n t o  ( 7 1 )  t o  y i e l d  
Note t h a t  t h e  stress i n t e n s i t y  f a c t o r s  from ( 7 2 )  
a n d  ( 7 3 )  are normal ized  w i t h  respcct  t o  Y,  which m u l t i -  
p l i e s  each F o u r i e r  Series term o f  (45) and (58 ) .  
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2.5 P l a s t i c  Enclave S i z e s  
The P reced ing  a n a l y s i s  and a s s o c i a t e d  computer 
programs de termined  KBk f o r  k = l  and 2 ,  For  d i f f e r e n t  
l o a d i n g s  a t  i n f i n i t y  and v a r i o u s  L/R r a t i o s ,  these stress 
i n t e n s i t y  f a c t o r s  were used t o  de te rmine  t h e  p l a s t i c  en- 
c l a v e  s i z e s  a c c o r d i n g  t o  t h e  c o n d i t i o n  o f  e q u a t i o n  ( 7 )  
by t h e  f o l l o w i n g  method. Refer t o  F i g .  7,  
1. ) For  b o t h  k = l  and 2 ,  KB was o b t a i n e d  f o r  
v a r i o u s  v a l u e s  o f  W/L and L/R r a t i o s .  These v a l u e s  are 
t a b u l a t e d  i n  T a b l e s  4 and 6 and are p l o t t e d  on Figs .  10 ,  
11, and 1 2 .  The  a c t u a l  KB v a l u e s  are n e g a t i v e ,  but t hey  
are p l o t t e d  p o s i t i v e  f o r  g r a p h i c a l  convenience.  The 
stress i n t e n s i t y  f a c t o r s  , KA , were t aken  from r e f e r e n c e  
171 and t a b u l a t e d  i n  Table  7. They  are a l s o  shown on 
F i g s .  10 ,  11, and 1 2 .  
2 . )  The des i red  results are  t o  y i e l d  W/L f o r  
g i v e n  a/R and /Y r a t i o s .  The re fo re  t h e  f o l l o w i n g  
n o t a t i o n  i s  adopted.  
S i n c e  t h e  K B k 9 s  were computed.based upon t h e  c r a c k ,  
a ,  p l u s  e n c l a v e ,  W ,  t h e  r e l a t i o n s h i p  between a / R  and L/R 
was needed f o r  a s p e c i f i c  W/L. Thus 
The parameter ,  L/R, i s  t a b u l a t e d  f o r  incremented  
v a l u e s  of y between .05 and .8 and x between .5 and 1 0  
i n  Table 1. 
3 . )  F o r  the x ' s  and y ' s  chosen ,  the  r a t i o s  of 
stress i n t e n s i t y  f a c t o r s  , KBk/KAk, were o b t a i n e d  
from F i g s .  1 0 ,  11, and 1 2  a t  t h e  co r re spond ing  L / R ' s .  
Taking i n t o  account  t h e  no rma l i z ing  of  KBk w i t h  
r e s p e c t  t o  Y ,  t h e  stress r a t i o s  a t  any a/R-L/R 
were de te rmined  from t h e  p l a s t i c i t y  c o n d i t i o n  on t h e  
stress i n t e n s i t y  f a c t o r s .  Namely 
t h u s  
where KBk i s  a n e g a t i v e  number. I n  t h i s  f a s h i o n  
T a b l e  8 was c o n s t r u c t e d  and t h e  p l o t s  of W/L v e r s u s  
c / Y  f o r  v a r i o u s  a / R  v a l u e s  were ob ta ined  and g i v e n  
i n  F igs .  13 and 14. These p l o t s  r e p r e s e n t  the plas- 
t i c  e n c l a v e  s o l u t i o n  based upon t h e  Dugdale Model. 
111. R e s u l t s  of 
The d i s c u s s  
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A n a l y t i c a l  Ana lys i s  
on o f  a n a l y t i c a l  r e s u l t s  i s  presented  
i n  two par ts .  F i r s t  the  convergence o f  data f o r  KB as 
obta ined  from the  computer i s  eva lua ted .  The accuracy  
of  these r e s u l t s  is  estimated. Second t h e  magnitudes 
of t h e  r e s u l t i n g  p l a s t i c  enc laves  are cons idered  with 
r e s p e c t  t o  t h e  problem's dimensions. 
A s  no ted  i n  the  a n a l y t i c a l  development, t h e  mapping 
polynomial was t runca ted  at N terms-, and t h e  stress 
f u n c t i o n  was approximated by a f i n i t e  se r ies  of Q terms. 
It remained t o  determine t h e  i n f l u e n c e  of these numer- 
i c a l  approximations on t h e  accuracy  of t h e  r e s u l t s .  
The stress f u n c t i o n ,  q ( f )  , was t h e  q u a n t i t y  i n i t i a l l y  
a f f e c t e d .  However, t he  stress i n t e n s i t y  f a c t o r s ,  which 
are d i r e c t l y  re la ted t o  t h e  stress f u n c t i o n ' s  f i r s t  
d e r i v a t i v e  by (lo), were chosen t o  measure t he  conver- 
gence of s o l u t i o n  because of t h e i r  c l o s e  r e l a t i o n  t o  
the p l a s t i c  enc lave  s i z e s .  
For  k=l t h e  e f f e c t  of t h e  mapping f u n c t i o n  t runca-  
t i o n  was tested by varying N while f i x i n g  Q a t  99. 
Noting t h a t  M i s  a d i r e c t  r e f l e c t i o n  of N s i n c e  M = N - 4 ,  
the  r e s u l t s  of t h i s  t e s t  a r e  shown i n  T a b l e  2a. The 
maximum s t o r a g e  c a p a c i t y  of t h e  d i g i t a l  computer l i m i t e d  
t h e  unsegmented program t o  M = 24. 
M = 46 a se-ented mod i f i ca t ion  of the o r i g i n a l  program 
For  t h e  trial o f  
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was w r i t t e n .  The ra te  o f  convergence f o r  t h e  mapping 
polynomial  d e c r e a s e s  as  L/R d e c r e a s e s .  Thus a c r a c k  
l e n g t h ,  L/R = 2, was chosen t o  t e s t  t h e  p o o r e s t  condi-  
t i o n  of O C 9 )  . One can  see tha t  i n  t h e  range of M 
from 15 t o  46, t h e  f l u c t u a t i o n s  i n  K are o f  the  o r d e r  
2 aut  of 270 f o r  W/L = 0.05 and 5 out of  680 f o r  
W/L = 0.30 f o r  less than  a 1% d e v i a t i o n .  
The e f f e c t  o f  t h e  number o f  terms i n  t h e  stress 
f u n c t i o n  se r ies  was tes ted by va ry ing  Q such  that t h e  
terms added t o  t h e  i n i t i a l  M ,  i .e . ,  Q-M, r anged  from 
0 t o  275 while M was he ld  c o n s t a n t  at 22.  Table 2 b  
i n d i c a t e s  t h e  t r e n d  e v i d e n t  from t h i s  s t u d y .  V a r i a t i o n s  
on WR and W/L c a n  be seen  t o  have had no s i g n i f i c a n t  
e f f e c t  on t h e  convergence o f  K g .  
maximum d e v i a t i o n  between any two data  are less  than  2%. 
T h e r e f o r e ,  t h e  r e s u l t s  from t h e  program f o r  k=l are as- 
sumed t o  converge w i t h i n  2% of t h e  t r u e  v a l u e .  
I n  a l l  c a s e s  the  
As a f i n a l  check on t h e  program, t h e  r e s u l t s  f o r  
k-1, L/R = 10, M = 2 4 ,  and Q = 99 were compared t o  t h e  
c l o s e d  form s o l u t i o n  f o r  t h e  stress i n t e n s i t y  f a c t o r  
a t  t h e  c r a c k  t i p  where normal stresses a c t  on the  open  
s u r f a c e  of an i n t e r n a l  c rack .  The s o l u t i o n  i s  g i v e n  
by Par i s  and S i h  [l] f o r  t h e  case where R = 0, which 
c o r r e s p o n d s  t o  L/R approaching  i n f i n i t y  i n  t h i s  p l a s t i c  
e n c l a v e  problem. Thus t h e  s o l u t i o n  f o r  a l a r g e  L/R was 
-34 - 
was campared t o  the computer program's  s o l u t i o n  f o r  
L/R = lo., The r e s u l t s  are r e p o r t e d  i n  T a b l e  3 and 
are comparable  a s  a n  approximate check. 
The re fo re ,  a l l  of the  stress i n t e n s i t y  f a c t o r s  
p l o t t e d  i n  F ig .  1 0  and  t a b u l a t e d  i n  Table  4 were 
o b t a i n e d  w i t h  M = 24 afid Q = 9 9 .  These are assumed 
t o  be a c c u r a t e  t o  w i t h i n  2% o f  t h e  t r u e  v a l u e s .  
F o r  k=2, t h e  e f f e c t  o f  t he  mapping f u n c t i o n  t r u n c a -  
t i o n  and the  stress f u n c t i o n ' s  f i n i t e  po lynomia l  approxi -  
m a t i o n  on t h e  convergence of t h e  stress i n t e n s i t y  f a c t o r s  
was s t u d i e d  i n  the  same manner a s  p r e v i o u s l y  i n d i c a t e d  
f o r  k = l .  Once again the d e v i a t i o n  between conve rg ing  
r e s u l t s  i s  less than 2% as observable in T a b l e  5. Thus a l l  
t h e  stress i n t e n s i t y  f a c t o r s  p l o t t e d  i n  F igs .  11 and  12, 
and r e c o r d e d  i n  T a b l e  6 were o b t a i n e d  w i t h  M = 2 4  and 
Q = 99. It i s  assumed t h a t  t h 5 s  data i s  a l s o  a c c u r a t e  
t o  w i t h i n  2% of t h e  t rue  v a l u e s .  
P l a s t i c  e n c l a v e  s i z e s  f o r  k = l  and 2 are  t a b u l a t e d  
i n  Tab le  8 and r e p r e s e n t e d  i n  Figs .  13 and 1 4  r e s p e c t i v e -  
l y .  To c o n v e r t  t h e  r a t i o  o f  W/L t o  W f o r  a g i v e n  a/R, 
u s e  
w =  y../( I - y) ( 7 7 )  
F o r  k = l ,  s u f f i c i e n t  o r  L/R r a t i o s  i s  expec ted  
t o  cause  p l a s t i c  y i e l d i n g  a l o n g  t h e  c i r c u l a r  c a v i t y  
o p p o s i t e  t h e  c rack .  Th i s  c o n d i t i o n  was n o t  i nc luded  
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i n  t he  p l a s t i c  e n c l a v e  model. The re fo re ,  o n l y  a 
sample data r a n g e  i s  p resen ted  t o  demons t r a t e  t he  
method o f  d e t e r m i n i n g  enc lave  s i z e s .  The r ange  i n  
which t h e  e n c l a v e  model a p p l i e s  c o u l d  be found by 
f irst  computing t h e  stress f u n c t i o n  a t  z = -1, 3.-I , 
t h e n  a p p l y i n g  them t o  e q u a t i o n s  ( 9 )  t o  de t e rmine  t h e  
stresses. 
c r e a t e  stresses l a r g e  enough t o  c a u s e  y i e l d i n g  based 
upon sane t y p e  of y i e l d  c r i t e r i o n ,  i .e . ,  T r e s c a  o r  
Von Mises, form t h e  l i m i t i n g  boundary on t h e  Dugdale 
Model 's  a p p l i c a t i o n  t o  t h e  e n c l a v e  s o l u t i o n .  The de- 
f i n i n g  of  t h i s  a p p l i c a b l e  r e g i o n  was n o t  t h e  o b j e c t  
of t h i s  t h e s i s  and i s  l e f t  open f o r  f u r t h e r  i n v e s t i g a -  
t i o n  . 
The pa rame te r s  s / Y  and L/R which f i r s t  
When k=2, t h e  Dugdale p l a s t i c  e n c l a v e  model more 
c l o s e l y  approximates  t h e  p h y s i c a l  problem t h a n  it  d o e s  
f o r  k = l  ove r  t he  f u l l  range of  l o a d i n g  and geometry 
pa rame te r s .  The re fo re ,  t h e  comple te  p l a s t i c  e n c l a v e  
s o l u t i o n  i s  p r e s e n t e d  f o r  all a / R  7 0.5.  As a / R  ap- 
p r o a c h e s  i n f i n i t y ,  t h e  s o l u t i o n  i s  seen  t o  approach  
t h e  p l a s t i c  zone s o l u t i o n  by Dugdale [3 ]  f o r  i n t e r n a l  
s t r a i g h t  c r a c k s  i n  e l a s t i c  p l a t e s  under  t e n s i o n ,  F o r  
a/R < 0.5, t h e  p h y s i c a l  problem approaches  t h e  determina- 
t i o n  of p l a s t i c  e n c l a v e s  a d j a c e n t  t o  a c i r c u l a r  h o l e  i n  
a n  i n f i n i t e  p l a t e  unde r  t e n s i o n .  For  t h i s  lower r a n g e  
of a/R r e f e r e n c e  [ 7 ]  p r e s e n t e d  n o  data f o r  KA because  of  
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t h e  i n h e r e n t  poor convergence of t h e  numer ica l  system 
of e q u a t i o n s  which determine them. Thus , the  twin  
numer i ca l  p l a s t i c  e n c l a v e  s o l u t i o n  was l i m i t e d  t o  
a/R 2 0,5. However, t h e  numerical  methods f o r  b o t h  
KA and XB, and t h u s  f o r  W/L, are a p p l i c a b l e  and e a s i l y  
ex tended  t o  lower r a n g e s  of a / R  w i t h  t h e  a i d  of a 
computer w i t h  large s t o r a g e  c a p a c i t y .  
The Dugdale i n t e r n a l  c r a c k  s o l u t i o n  can  be seen  
i n  Fig.  1 4  t o  approxlmate t h a t  f o r  t h e  tw in  c r a c k  
s i t u a t i o n  only f o r  v a r i o u s  r a n g e s  of a / R  depending 
upon the  a p p l i e d  l o a d .  The l a r g e s t  v a r i a t i o n  comes 
at r* /Y = 0.5 where, fo r  example,  an i n t e r n a l  
s t ra ight  c r a c k ,  which i s  three i n c h e s  i n  l e n g t h ,  pos- 
sesses a 0.6 i n c h  p l a s t i c  e n c l a v e  a t  e a c h  c r a c k  t i p .  
When a one i n c h  c i r c u l a r  ho le  i s  in t roduced  a t  t h e  
c r a c k  c e n t e r ,  t he  enc lave  s i z e  i n c r e a s e s  t o  0.75 
i n c h e s .  T h i s  r e p r e s e n t s  a 25% i n c r e a s e  ove r  t h e  
s t r a i g h t  c r a c k  e s t i m a t i o n .  
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I V .  Conclus ' ions and  P o s s i b l e  F u t u r e  Work 
The a n a l y t i c a l  method and numer i ca l  s o l u t i o n  p re -  
s e n t e d  i n  t h e  e s t i m a t i o n  of p l a s t i c  e n c l a v e  s i z e s  f o r  
c r a c k s  emanat ing from a c i r c u l a r  v o i d  w i t h i n  an  e l a s t i c  
p l a t e  u n d e r  t e n s i o n  can  be e x t e r d e d  t o  hand le  o t h e r  
c o n f i g u r a t i o n s  o f  l o a d i n g  and geometry ,  F o r  example, 
a s o l u t i o n  f o r  t h e  r e p r e s e n t a t i v e  p l a s t i c  zone l e n g t h s  
of t h e  same g e o m e t r i c a l  problem s u b j e c t e d  t o  a c y l i n -  
d r i c a l  bending l o a d  a t  i n f i n i t y  can be  ob ta ined  by 
the a p p r o p r i a t e  changes i n  t h e  boundary c o n d i t i o n s  
f o r  s o l u t i o n  o f  the  e l a s t i c  stress i n t e n s i t y  f a c t o r s  
r e s u l t i n g  from e x t e r n a l  l o a d i n g ,  V a r i a t i o n s  i n  the 
problem geometry such  a s  i n t e r n a l  v o i d s  o f  e l l i p t i c a l  
o r  any a r b i t r a r y  shape can  b e  coped w i t h  p r o v i d i n g  
i t  c a n  be mapped t o  a u n i t  c i r c l e  in a complex p l a n e  
by  a t r u n c a t e d  polynomia l ,  P l a s t i c  e n c l a v e s  at t h e  
t i p s  of edge c r a c k s  i n  v a r i o u s  shaped p la tes  can a l s o  
be estimated provided  they meet t h e  same mapping r e q u i r e -  
ment ,  The remainder  of t h e  a n a l y s i s  f o l l o w s  t h a t  pre-  
s e n t e d  f o r  c i r c u l a r  v o i d s ,  
F o r  e a c h  new geometr ic  and l o a d i n g  c o n f i g u r a t i o n ,  
t h e  a p p l i c a b i l i t y  of Dugdale 's  p l a s t i c  zone model must 
be e v a l u a t e d  w i t h  r e s p e c t  t o  t h e  p h y s i c a l  problem, 
Any e n c l a v e  model, which w i l l  approximate  t h e  mode o f  
c r a c k  de fo rma t ion  and l i n e a r i z e  t h e  p l a s t i c i t y  e f f e c t ,  
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can  be i n c o r p o r a t e d  i n t o  t h e  boundary v a l u e  problem 
and so lved  by t h e  numer ica l  t e c h n i q u e s  p r e s e n t e d .  
E .  J .  Brown [8 ]  s u g g e s t s  a model which employs a 
t h i n  s t r i p  a long  t h e  c r a c k  l i n e  t o  r e p r e s e n t  the  
p l a s t i c  y i e l d  zone f o r  a p lane  problem w i t h  a r b i t r a r y  
l o a d s  i n  t he  p l ane  of t h e  p la te .  The material i n  the  
y ie lded  zone i s  t h e n  removed and t h e  c r a c k  a i iowed 
t o  ex tend  t o  the l i m i t s  o f  the y i e l d  zone. The r e s u l t -  
i n g  p l a s t i c  s t r e s s e s  a t  t h e  y i e l d  z o n e ' s  edge are 
a p p l i e d  a s  s u r f a c e  t r a c t i o n s  a l o n g  t h e  c r a c k  e x t e n s i o n .  
T h i s  approach  i s  similar t o  Dugdale ' s ,  however, t h i s  
model i n c l u d e s  the  v a r i a t i o n s  i n  normal t r a c t i o n s  and 
a l s o  t h e  shear t r a c t i o n s  which r e s u l t  f rom p l a s t i c  
y i e  l d i n g  . 
R o s e n f i e l d ,  Dai, and Hahn [ 4 ]  v a r y  t h e  n o m a 1  
p l a s t i c  stresses i n  the  Dugdale model t o  account  f o r  
s t r a i n  hardening  e f f e c t s  i n  t h e  c r a c k  t i p  r e g i o n .  
T h e i r  m o d i f i c a t i o n s  e n a b l e  them t o  c a l c u l a t e  c r a c k  
p r o p a g a t i o n  p a r a m e t e r s  which more c l o s e l y  approximate 
e x p e r i m e n t a l  r e s u l t s  a t  h igh  e x t e r n a l  l o a d  t o  y i e l d  
r a t i o s ,  t h a n  d o e s  t h e  unmodified Dugdale model. 
T h i s  t y p e  o f  v a r i a t i o n  i s  e a s i l y  i n c o r p o r a t e d  i n t o  
t h e  t hes i s  method by proper  adjustment  o f  t h e  l o a d i n g  
f u n c t i o n s  over  t h e  enc lave  s u r f a c e .  
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I n  t h e  c i r c u l a r  void with emanat ing  cracks problem, 
t h e  a n a l y t i c a l  r e s u l t s  were checked a g a i n s t  l i m i t i n g  
s o l u t i o n s  found i n  t h e  l i t e r a t u r e .  However, a d i r e c t  
e x p e r i m e n t a l  v e r i f i c a t i o n  of  t h e  a n a l y t i c a l  s o l u t i o n  
i s  proposed  which employs r e f l e c t i v e  p h o t o e l a s t i c  
t e c h n i q u e s .  The p h o t o e l a s t i c  c o a t i n g  i s  a p p l i e d  t o  
t h e  specimen, and t h e n  t h e  v o i d s  p l u s  c r a c k s  are in -  
t r o d u c e d  t o  t he  specimen-coating combina t ion  t o  a s s u r e  
t h e  p r o p e r  ma tch ing  o f  boundary c o n d i t i o n s  i n  t h e  
specimen and p h o t o e l a s t i c  c o a t i n g  material .  I n  con- 
j u n c t i o n  w i t h  a method f o r  s e p a r a t i o n  of stresses o r  
s t r a i n s ,  i .e . ,  o b l i q u e  i n c i d e n c e  r e f l e c t i v e  p h o t o e l a s -  
t i c  t e c h n i q u e s  o r  a shear  d i f f e r e n c e  method, t h e  normal 
r e f l e c t i v e  t e c h n i q u e  w i l l  y i e l d  t h e  p r i n c i p a l  stresses 
and /o r  s t r a i n s  a t  t h e  p l a s t i c  e n c l a v e  r e g i o n  p r e c e d i n g  
the  c rack  t i p .  A p p l i c a t i o n  o f  a n l a s t i c  y i e l d  c r i t e r i o n ,  
i . e . ,  T r e s c a ,  Von-Mises or an a r b i t r a r y  e s t a b l i s h m e n t  o f  
a p r i n c i p a l  p l a s t i c  s t r a in  t h r e s h o l d ,  w i l l  t h e n  d e t e r m i n e  
a r e p r e s e n t a t i v e  p l a s t i c  enc lave  l e n g t h .  These measure- 
ments  w i l l  p r o v i d e  a d i r e c t  e x p e r i m e n t a l  check  o f  a n a l y t -  
i c a l  r e s u l t s .  The p h o t o e l a s t i c  method c a n  be employed 
t o  check any p l a s t i c  enc lave  problem w i t h i n  t h e  p h y s i c a l  
l i m i t a t i o n s  of t he  c o a t i n g  material and bonding s u b s t a n c e .  
I ’  -4 0- 
V. Appendices 
-4 1- 
Appendix A . Mapping Funct ions  
Refer t o  F i g .  7 
where 
A l . )  Find t h e  l i m i t i n g  va lues  o f  : 
A 2 . )  Find C such  t h a t  R = 1 i n  t h e  z p lane  
put  3=1 i n t o  ( a )  
I - I - c  IJ - 
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A 3 . )  To Find  c& i.e., Branch P o i n t  
use .  (a)  where z = 1 
2 9  
j ’ = c  = w e + i & e  
a t  t h e  branch p o i n t  {s i n  (a) = 0 
e = a  
and 
:. d = --‘ ( -e )  
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A 4 . )  F ind  . X ( e )  : 
1. s u b s t i t u t e  y = u + i v  i n t o  ( a )  
= C [ Y + i Y ]  
Real Part: 
solve f o r  c & d 
. 
-44- 
I where s = ‘/z ( Q + b + A~) a 
r e d u c e s  t o  
a 
and 
s u b s t i t u t e  back u s i n g  ro - /a- and o b t a i n  from ( i)  
2 .  u s e  c o n d i t i o n  on u n i t  c i r c l e  
s u b s t .  i n  f o r  ro2 i n  ( h )  , 
:. Ae = 2 ( u t a )  
s i m i l a r l y  f o r  a 
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s u b s t i t u t i n g  (j) and u n i t  c i r c l e  c o n d i t i o n  back i n t o  ( g )  
x = 2U + ( I t t )  + U + K ) ~ C U t E ) ~ I C L C )  + C I - U ) / ~  ( k )  
3 .  Note t h a t  on u n i t  c i r c l e  u = c o s  e 
and m u l t i p l y i n g  x by c as i n d i c a t e d  i n  (f) 
o b t a i n :  I 
c -  1-6 
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Appendix B Convergence of t h e  Loading F u n c t i o n ' s  
Complex Fou r i e r  Series 
f o r  k=l 
from e q u a t i o n  ( 4 5 )  
- 
where from ( 4 6 )  
s u b s t i t u t i n g  ( n )  i n t o  the  q u a n t i t y  w i t h i n  b r a c e s  i n  
(m) y i e l d s  
expanding s i n ( l - j - n ) e Y  i n t o  sih(1-j) ew case* - s ine"  c o s ( l - j ) 8 *  
and s u b s t i t u i n g  back i n t o  (0) and t h e n  (m) 
F o r  large n e g a t i v e  n: 
I - j - n  Z n 
Thus f o r  (p) 
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Noting from c o n d i t i o n  t h r e e  i n  e q u a t i o n  (28), &(Z)=o  
a t  e = e "  
Thus 
u s i n g  ( r )  take l i m i t  of dn a s  n + - @  
= o  
Based on (501, ( s )  i n s u r e s  t h e  convergence of q ( 3 )  as 
n -  -8 . However, KB depends upon Cp'CS) as  i n d i c a t e d  
by (lo), t h e r e f o r e ,  t he  convergenec of q t 3 )  f o r  l a r g e  
n e g a t i v e  n i s  desired.  D i f f e r e n t i a t i n g  ( 5 0 )  y i e l d s  
t he  form o f  t h e  c o e f f i c i e n t  of <plcf) as  n--s-W 
F o r  k=2 ,  t h e  F o u r i e r  Ser ies  i s  g i v e n  by ( 5 8 ) ,  
which i s  s i m i l a r  t o  t h a t  f o r  k = l  where j i s  r e p l a c e d  
by 2j. Thus t h e  proof  o f  convergence f o r  q ( s )  and 
cp ' (3 )  i s  t h e  same as  that above f o r  k = l .  
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Appendix C A p p l i c a t i o n  t o  Computer S o l u t i o n  
C 1.) Genera l  Notes:  
Computer programs were w r i t t e n  f o r  b o t h  t h e  s i n g l e  
and tw in  c r a c k  problems wi th  s l i g h t  m o d i f i c a t i o n s  
employed t o  make the  convergence s t u d i e s .  A d e t a i l e d  
d e s c r i p t i o n  o f  t h e  program f o r  k-2 i s  p r e s e n t e d  here ,  
The one f o r  k = l  i s  ve ry  similar, w i t h  t h e  m a j o r  change 
a r i s i n g  from t h e  d i f f e r e n c e  i n  mapping f u n c t i o n s .  It  
w i l l  be  k e p t  on f i l e  by t h e  a u t h o r  f o r  f i v e  y e a r s  
from t h e  date o f  t h i s  thesis. The programs were w r i t -  
t e n  i n  t h e  Lewiz a l g e b r a i c  programming language  and 
o p e r a t e d  on the  Lehigh U n i v e r s i t y  GE-225 Computer. 
The v a r i o u s  p a r t s  of t h e  program f o r  k=2 can 
be a s s o c i a t e d  t o  t h e  a n a l y t i c a l  development of t h e  
p l a s t i c  e n c l a v e  s i z e s  by c o n s u l t i n g  t h e  f o l l o w i n g  
f l o w  c h a r t  and sample l i s t i n g  i n  c o n j u n c t i o n  w i t h  
the r e f e r e n c e d  program n o t a t i o n  . 
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c 2 . )  P r o g r a m  N o t a t i o n :  
The f o l l o w i n g  l is t  i d e n t i f i e s  t h e  computer program 
v a r i a b l e s  co r re spond ing  t o  t h e  main v a r i a b l e s  i n  t h e  
a n a l y t i c a l  development . Where a p p l i c a b l e  t h e  s p e c i f i c  
e q u a t i o n  number i s  g i v e n  which r e f e r s  t o  t h e  most impor- 
t a n t  r e l a t i o n s h i p  i n  t h e  s o l u t i o n  i n v l o v i n g  t h e  v a r i a b l e .  
The remain ing  v a r i a b l e s ,  n o t  l i s t e d ,  are  e i t h e r  dummy 
i n d e x e s  o r  v a r i a b l e s  used  i n  l o o p s  t o  d e t e r m i n e  t h e  
main o n e s  a s  l i s t e d .  
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c 3.1 I n p u t :  
The i n p u t  was punched on cards  f o l l o w i n g  the  L e w i z  
format  i n  the f o l l o w i n g  o r d e r :  
1 st 
2 nd 
3 rd  
4 t h  
5 t h  
6 t h  
7 t h  
8 t h  
number of L/R v a l u e s  
number o f  N v a l u e s  
Q + 1  
i n i t i a l  v a l u e  of W/L 
f i n a l  v a l u e  of W/L 
increment  s i z e  o f  W/L 
L/R v a l u e s  
N v a l u e s  
C 4 . )  Sample L i s t i n g  and Output :  
A S  f o l l o w s  - 
. -52- 
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a.) Q = 99,'L = 2.0 
b.) M = 22 
-K, 
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NOTE: N = M +  4 
u 
L = 10.0 
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2 .2248  
2.3294 
2.4280 
2 0473 * 
"Approximate Check Against  I n t e r n a l  S t r a i g h t  Crack" 










,277 ,410 .557 ,686 ,812 ,898 
,359 ,502 ,692 ,856 ,986 1,099 
390 ,562 ,807 ,970 1.113 1 ,240 
,4 52 .643 .880 1.094 1.238 1 .376  
, 617 .900 1.27 1.53 1.74 1 .91  




a . )  Q = 99, L = 2.0 
B 
13  2 0  22 2 3  24 
-K 
10 ,4020 ,4008 ,4003 -4015  ,4007 
080 1.1882 1 .1791  1.1723 1.1884 1.1645 
b.) M = 24 
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1 ,1771  
1.1782 
“Convergence Check f o r  Stress I n t e n s i t y  F a c t o r s ”  
k= 2 
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